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The Set Covering Problem (SCP) is one of the classical Karp’s 21 NP-complete problems. Although this is
a traditional optimization problem, we find many papers assuming metaheuristics for solving the SCP in
the current literature. However, while the SCP is a discrete problem, most metaheuristics are defined for
solving continuous optimization problems, specially Swarm Intelligence Algorithms (SIAs). Hence, such
algorithms should be adapted for working on the discrete scope, but most authors did not perform any
study to select a concrete binarization approach. This situation might lead to the conclusion that se-
lecting a concrete binarization technique does not influence the behavior of the algorithm, but rather
the general approach of the metaheuristic. This circumstance led us to write this paper focusing on the
inherent difficulty in binarization of metaheuristics designed for continuous optimization, when solving
a discrete optimization problem, concretely the SCP. To this end, we consider a recent SIA inspired by
the behavior of cats and adapted to the discrete scope, which is called Binary Cat Swarm Optimization
(BCSO). We replace the binarization technique assumed in the original BCSO by forty different approaches
from the current literature. The results obtained while solving a standard SCP benchmark are analyzed
through a widely accepted statistical method, concluding that it is crucial to select an adequate binariza-
tion approach to ensure that the solving algorithm reaches its full potential. Thus, the task of adapting a
metaheuristic to the discrete scope is not a simple matter and should be carefully studied. To this end

and as a result of this study, we give some recommendations to perform this task.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The Set Covering Problem (SCP) is one of the classical 21 prob-
lems shown to be NP-complete by Karp (1972) and whose op-
timization version is NP-hard (Garey & Johnson, 1979). Although
the SCP is a traditional optimization problem, it is widely consid-
ered in the current literature for designing expert systems, which
emulate the decision-making ability of human experts in a given
field (Reggia, Nau, & Wang, 1983). For example, we find works
considering the SCP for facility location (Farahani, Asgari, Heidari,
Hosseininia, & Goh, 2012), ship scheduling (de Mare, Spliet, &
Huisman, 2014), production planning (Adulyasak, Cordeau, & Jans,
2015), crew scheduling (Chen & Shen, 2013; Juette & Thonemann,
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2012), vehicle routing (Bai, Xue, Chen, & Roberts, 2015; Cacchiani,
Hemmelmayr, & Tricoire, 2014; Vidal, Crainic, Gendreau, & Prins,
2013), musical composition (Simeone, Nouno, Mezzadri, & Lari,
2014), information retrieval (Zhang, Wei, & Chen, 2014), and terri-
tory design (Elizondo-Amaya, Rios-Mercado, & Diaz, 2014), among
many others.

Chvatal (1979) defined the SCP as follows. Given a set M of m
objects and a collection S of n sets of these objects, each set with
a non-negative cost associated. The goal is to find a minimum cost
family of subsets C C S, such that each element i € M belongs to
at least one subset of the family C.

Some authors solved the SCP by applying exact techniques,
such as branch-and-bound and branch-and-cut algorithms. How-
ever, such methods are not recommended for solving this type of
complex problems, because computational times rise exponentially
with the problem dimension.

Instead, approximate techniques should be considered, such as
metaheuristics. This type of techniques is successfully considered
in the literature for solving NP-hard problems from different fields,
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including the SCP (Dasgupta & Michalewicz, 2013). However, while
the SCP is defined as a discrete optimization problem, many meta-
heuristics are designed for solving continuous optimization prob-
lems, specially Swarm Intelligence Algorithms (SIAs). Thus, such
metaheuristics should be adapted for working on the discrete
search space.

There are many SIAs adapted for solving general discrete opti-
mization problems, such as Binary Gravitational Search Algorithm
(BGSA) (Rashedi, Nezamabadi-Pour, & Saryazdi, 2010), Binary Mag-
netic Optimization Algorithm (BMOA) (Mirjalili & Hashim, 2012),
and Binary Cat Swarm Optimization (BCSO) (Sharafi, Khanesar, &
Teshnehlab, 2013). Usually, the algorithms are adapted by follow-
ing the two-step binarization method introduced by Kennedy and
Eberhart (1997) in their approach of Binary Particle Swarm Opti-
mization (BPSO) for transforming real numbers into binary ones.
In this case, the authors explained how to get a new binary so-
lution according to the particle velocity, which is a real num-
ber. The method followed by the authors is as follows. Firstly, we
map the real value to a number in the interval [0, 1] through a
transfer function. Secondly, we transform the number in the in-
terval [0, 1] into a binary value through a discretization func-
tion. In this line, there are eight major transfer functions and
five major discretization functions in the current literature, de-
noted as Sq,S;,...,54, V1, V5, ..., V4 and Dy, D5, ..., Dg, respectively
(Crawford et al., 2015c; Mirjalili & Lewis, 2013).

Most authors did not do any study to select a concrete bina-
rization approach when adapting a metaheuristic. This situation
might lead to the conclusion that selecting a concrete binariza-
tion technique does not influence the behavior of the algorithm,
but rather the general approach of the metaheuristic. To the best
of our knowledge, this is the first work performing this study in
the literature. We do the following three main tasks throughout
this study:

o We select a recent SIA from the current literature, which was
initially designed for continuous optimization and later adapted
to the discrete scope. Specifically, the BCSO algorithm inspired
by the behavior of cats, whose original continuous approach
was proposed by Chu, Tsai, and Pan (2006).

The authors of BCSO considered a transfer and discretization
function, without performing any formal study to this task. We
change the original formulation of BCSO by combining the eight
transfer functions and the five discretization functions intro-
duced before, i.e., we get forty BCSO approaches.

We apply the forty BCSO approaches for solving two freely
available SCP sets. We study the results obtained through an
accepted statistical methodology to analyze if selecting a bina-
rization technique influences the behavior of the metaheuristic.

The rest of this paper is structured as follows. We list the
acronyms considered in Table 1. In Section 2, we discuss the re-
lated work, including the major motivations for performing this
work. In Section 3, we give a formal SCP definition, including a
problem example. In Section 4, we explain the BCSO metaheuristic.
In Section 5, we describe the transfer and discretization functions
in this study. In Section 6, we discuss the experimental method
followed and the results obtained. In Section 7, we give some im-
plementation details. Finally, conclusions are left for Section 8.

2. Related work

We find many works solving the SCP. Starting with exact al-
gorithms, (Beasley & Jornsten, 1992; Fisher & Kedia, 1990), and
(Balas & Carrera, 1996) considered branch-and-bound and branch-
and-cut techniques. Bar-Yejuda and Even (1981); Beasley (1987),
and El-Darzi and Mitra (1990) considered linear programming.

Table 1
Acronyms.
ACO Ant Colony Optimization
ABC Artificial Bee Colony
BCSO Binary Cat Swarm Optimization
BGSA Binary Gravitational Search Algorithm
BMOA Binary Magnetic Optimization Algorithm
BPSO Binary Particle Swarm Optimization
EA Evolutionary Algorithm
EM-like  ElectroMagnetism-like
FA Firefly Algorithm
FFOA Fruit Fly Optimization Algorithm
RPD Relative Percentage Deviation
SCP Set Covering Problem
SFLA Shuffled Frog Leaping Algorithm
SIA Swarm Intelligence Algorithm
TA Trajectory Algorithm
TLBO Teaching-Learning-Based Optimization
RVP Relative Variation Percentage

Caprara, Fischetti, and Toth (2000) compared several exact algo-
rithms for optimizing the SCP, reaching that the best exact algo-
rithm is CPLEX. This type of exact techniques is not suitable for
solving NP-hard problems, because no polynomial time algorithm
exists. Instead, computation times raise exponentially. In this way,
exact algorithms can only solve SCP instances of a limited size and
are time-consuming.

On the contrary, approximate algorithms as heuristics and
metaheuristics sacrifice getting optimal solutions for the sake of
obtaining approximate ones in an appreciably reduced computa-
tional time. In this line, there are works comparing exact tech-
niques to metaheuristics, concluding that exact methods were able
to optimally solve small instances in a reduced time, even lower
than metaheuristics. However and for large instances, metaheuris-
tics outperformed exact techniques in many cases, keeping low
computational times. In many other cases, exact techniques were
unable to be applied because of the computational effort needed
(Grohmann, Urosevic, Carrizosa, & Mladenovic, 2016; Niroomand &
Vizvari, 2015).

We may cite some authors considering heuristics for solving
the SCP. Chvatal (1979) assumed a classical greedy algorithm and
(Vasko, Lu, & Zyma, 2016) analyzed the performance of construc-
tion heuristics expanding on column and row knowledge classi-
cal functions. Some authors improved greedy algorithms by adding
some randomness, e.g., Feo and Resende (1989); Vasko (1984), and
Haouari and Chaouachi (2002). Other authors considered heuris-
tics based on Lagrangian relaxation, such as Beasley (1990); Ceria,
Nobili, and Sassano (1998), and Caprara, Fischetti, and Toth (1999).

In the last decades, metaheuristics had a great impact, combin-
ing basic heuristic methods and effectiveness exploring the search
space. Usually, metaheuristics are split into three categories: Evo-
lutionary Algorithms (EAs), SIAs, and Trajectory Algorithms (TAs).

Starting with EAs, we may cite the works of Beasley and Chu
(1996); Chu and Beasley (1997), and Aickelin (2004). TAs were as-
sumed by Lust and Tuyttens (2014) and Colombo, Cordone, and
Lulli (2015).

In the last years and as discussed below, SIAs were successfully
considered in the literature for solving the SCP. As we know, most
of these algorithms are designed for solving continuous optimiza-
tion problems and the SCP is a discrete problem. Consequently,
such techniques should be adapted for solving the problem. Next,
we review authors assuming SIAs, detailing the adaptation proce-
dure considered if necessary.

Crawford and Castro (2006); Lessing, Dumitrescu, and Stutzle
(2004); Ren, Feng, Ke, and Zhang (2010), and Crawford, Soto, Mon-
froy, Paredes, and Palma (2011) considered the Ant Colony Op-
timization (ACO) algorithm proposed by Dorigo and Gambardella
(1997). This metaheuristic is one of the few SIAs, which solve both
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discrete and continuous problems without modifying the original
proposal.

Sundar and Singh (2012a) and Crawford, Soto, Cuesta, and Pare-
des (2014a) applied the Artificial Bee Colony (ABC) algorithm pro-
posed by Karaboga and Basturk (2007). In both works, the authors
considered the approach proposed by Singh (2009) for generating
neighboring solutions instead of assuming the original continuous
formulation of ABC. To this end, a part is randomly dropped from
the solution and in its place, another different part is randomly
selected from other solution in the population. In the case that a
different part could not be found, the algorithm generates a new
solution through a low-cost local search.

Crawford et al. (2014b) and Crawford et al. (2015d) assumed the
Firefly Algorithm (FA) designed by Yang (2010). In both works, they
changed the original proposal by incorporating transfer and dis-
cretization functions. Thus, Crawford et al. (2015d) assumed all the
transfer and discretization functions in this paper; and Crawford
et al. (2014b) applied the eight transfer functions and the dis-
cretization functions D,, D3, and Dy.

Naji-Azimi, Toth, and Galli (2010) and Soto, Crawford, Mufioz,
Johnson, and Paredes (2015) applied the ElectroMagnetism-like
(EM-like) algorithm proposed by Birbil and Fang (2003). Naji-Azimi
et al. (2010) considered a new binary formulation and Soto et al.
(2015) assumed the transfer function S; and the discretization
function Dy.

Crawford et al. (2015c¢) considered the Shuffled Frog Leaping Al-
gorithm (SFLA) designed by Eusuff, Lansey, and Pasha (2006), as-
suming all the transfer and discretization functions in this paper.

Crawford et al. (2015a) and Lu and Vasko (2015) assumed the
Teaching-Learning-Based Optimization (TLBO) algorithm proposed
by Rao, Savsani, and Vakharia (2011). Crawford et al. (2015a) ap-
plied all the transfer and discretization functions in this paper.
Lu and Vasko (2015) combined a randomized greedy algorithm
for generating the initial population and a TLBO approach for
improving the population solutions. To this end, Lu and Vasko
(2015) adapted the TLBO metaheuristic to the binary scope through
a straightforward methodology. Zyma, Lu, and Vasko (2015) suc-
cessfully considered the same binarization technique to solve
multiple-choice multidimensional knapsack problems.

Crawford et al. (2015e) applied the Fruit Fly Optimization Algo-
rithm (FFOA) designed by Pan (2012). The authors assumed all the
transfer and discretization functions in this paper.

Analyzing this review from the point of view of the results ob-
tained, while solving the SCP, we check that both exact algorithms
and simple heuristics typically do not give as good results as the
more advanced metaheuristics, thereby the best historical results
were found by SIAs, obtaining optimal or near optimal solutions for
the classical SCP benchmark. Thus, we have an idea of the benefits
of solving the SCP by an approximate approach. In this line, Lu and
Vasko (2015) achieved a really good approach because of the merit
of the simple binarization technique considered for adapting the
TLBO algorithm, which is totally different from the 40 techniques
discussed in this paper. This is obvious because when Crawford
et al. (2015a) applied the same SIA with the 40 transfer and dis-
cretization functions in this paper, their results were much poorer
(3.02% deviation from optimum based on best over 30 trials) than
the high-quality results of Lu and Vasko (2015) (0.06% deviation
from optimum based on best over 20 trials) on the same 65 SCPs.

The purpose of this work is not to outperform the results ob-
tained in earlier works nor providing a new metaheuristic. Instead,
our main goal is to analyze the impact of binarization methods
when adapting an SIA to the discrete scope. To this end, we se-
lect an SIA previously applied for solving the SCP, getting results
not really close to the optimal ones, such as the BCSO algorithm in
Crawford et al. (2015b). If we select a really good approach as the
proposal in Lu and Vasko (2015), the results obtained could not be

improved, on the contrary, they could only get worse. However, if
we select a proposal, which could be improved, such as the BCSO
algorithm, we could analyze if the results obtained get better or
worse according to a binarization technique or another.

Next, we list the main expected benefits of performing this
work:

o We expect to check if selecting a binarization approach could
influence the behavior of a metaheuristic.

If we confirm the first statement, we expect to check if there
is any binarization approach which we could recommend for
solving the SCP, or instead, if we could give some general rec-
ommendations to adapt a metaheuristic.

If we confirm the first statement, we expect to check if the
original BCSO could be outperformed by considering a new bi-
narization approach, and in such a case, if we could recommend
the new algorithm for solving the SCP in future works.

To the best of our knowledge, this is the first work perform-
ing this study. From the previous literature review, we know
that Crawford et al. (2015a, 2015c, 2015d), and Crawford et al.
(2015e) assumed several binarization techniques for solving the
SCP. However, they did not perform any study to analyze if the dif-
ferences observed between the b methods were significant, which
is the main purpose of this work.

3. Set covering problem

In this section, we provide a formal statement of the SCP and a
small location problem as an example of this formulation.

3.1. Problem definition

The SCP is formally defined by assuming a binary matrix A of
m-rows and n-columns, where g; ; € {0, 1} denotes the value of the
cell (i, j) of A, withie1,2,...,mand je1,2,...,n. A is formally
defined as

(1111 (11,2 - al,n
a a a

A= 2.1 2,2 2.n ) (1)
am,1 am2 - Am.n

We say that a column j covers a row i if g; ; equals 1 and 0
otherwise. Each column j is associated with a non-negative real
cost ¢; € C, where C={cy.cp,....cn} . Let I={1,2,....m} and
J={1,2,...,n} be the row and column sets, respectively. The SCP
calls for a minimum cost subset S < J, such that each row i e I is
covered by at least one column j € S. Thus, the optimization prob-
lem is expressed as

miny " cjx;. (2)
Jjel

subject to

Zai_ij >1, Viel, (3)

i€l

xj€{0,1}, Vjel] (4)

where x; equals 1 if column j is in the solution S and 0 otherwise.
From this formulation, we reach that the goal is to minimize the
sum of the costs of the selected columns. Note that the constraint
in Eq. (3) ensures that each row i is covered by at least one col-
umn.
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Fig. 1. Zones for the location problem example.

3.2. Problem example

We propose a small location problem as an example of the
SCP formulated before. Suppose that we need to offer fire services
at the lowest possible cost in the city composed of six zones as
shown in Fig. 1. In this case, we have the following constraints:

o A fire station can only attend the zone in which it is located
and immediately adjacent zones, e.g.,, a fire station in zone 1
can attend zones 1, 2, 3, and 5.

o The fire services should attend all the zones.

o The greatest number of fire stations per zone is 1.

Let A be the binary matrix denoting which zones are covered
by a hypothetical fire station according to the zone in which it is
placed, that is

: (5)

O = O ==
QOO ===

[ —
[ = )
[ e Y
—_ = O O

1

where q; ; is the value of the cell (i, j) of A, equaling 1 if the
fire station at the jth zone covers the ith zone, with i and j ¢
1,2,...,6. Let x; be the indicator function equaling 1 if a fire sta-
tion is built in the jth zone and 0O otherwise. Let C be the set de-
noting the cost of building a fire station according to the zone, that
is

C=(3,56,4 2 1)

According to this notation and the formulation in Egs. (2) to (4),
the optimization problem is expressed as

min 3Xx1+5X+6x3+4x3+2 x5+ 1 Xg,
subject to

a1 X1 +0a12 X2+ 013 X3 + 014 X4+ 015 X5 +d16 X6 > 1
(z1 X1+ 022 X2+ 023 X3+ 0G24 X4+ 025 X5 + 26 X6 > 1
(31 X1 + 032 Xp + 033 X3+ 034 X4+ 035 X5+ 036 X > 1
(41 X1+ 042 X2+ 043 X3+ A44 X4+ 045 X5+ a6 X6 = 1
as.1 X1+ 052 X3 + 053 X3 + G54 X4+ 055 X5 + 056 X6 > 1
(g1 X1 +0g2 X2 + g3 X3+ Ug 4 X4+ Us5 X5 + g6 X > 1

x;€{0,1}, Vjel,...,6

Eq. (6) is simplifiable by replacing the values of g; ; in Eq. (5) based
on the notation in Eq. (1), that is

TxX1+1x+1x3+0x3+1x5+0x5>1
1x+1x+1x3+0x4+0x5+0x5>1
T +1x+1x+1x4+1%x+1x5>1
O0x1+0x+1x3+1x4+1x5+1x5>1
1xX4+0x+1x3+1x4+1%x+1x5>1
O0x1+0x+1x3+1x4+1x5+1x5>1

Excluding the null terms in Eq. (7), the final expression is given
by

X1 +Xy+X3+X5>1
X1+X+Xx3>1

X1 +X)+X3+Xq4+X5+Xg>1
X3+ X4+ X5 +X > 1

X1 +X3+X4+X5+Xx5>1

X3+ X4 +Xs5+Xg>1

The optimal solution to this problem is to build a fire station in
zones 1 and 6, getting a total cost of 4.

4. Binary cat swarm optimization

Domestic cats show great abilities for hunting and being alert
to possible dangers (Adamec, 1976; Adler, 1995). Based on this
idea, Chu et al. (2006) proposed an SIA inspired by the behavior of
real cats. This metaheuristic was later adapted to the discrete scope
by Sharafi et al. (2013). The authors identified two main modes of
behavior for simulating cats:

o Seeking mode: it simulates the situation in which a cat is look-
ing around, calculating, and evaluating the next movement.

o Tracing mode: it simulates the situation in which a cat is hunt-
ing through tracking targets.

The metaheuristic considers a population Qg of k cats, in which
at generation g > 1, a cat is a solution to the problem. Based on
the SCP definition in Section 3, each cat n € Qg is composed of
a binary vector of n elements, where 7; denotes the value of the
jth cell of n, with je1,2...,n. The meaning of 7; is the same as
described before for x;, that is

1
nj= 0

As stated in Algorithm 1, Qg is randomly generated in a first

if the jth column is in the solution of n
otherwise

(8)

Algorithm 1 Binary cat swarm optimization algorithm.
1: Qg < initializePopulation(k)

2: while not stop condition do

3 Sg. Ty < selectGroupCats(Qy, mr)

4 Sg+1 < applySeekingMode(Sg)

5: Tei1 < applyTracingMode(T;)
6
7:

Qg1 < selectBestSolutions(Sg;1, Tgt1, k)
end while

step (line 1). Then and so long as a stop condition is not reached
(line 2), Qg is randomly divided into two parts Sg and Tg accord-
ing to the value of mr, which denotes the percentage of cats in
tracing mode. Accordingly, the other cats are in seeking mode (line
3). Next, the cats in Sg act in seeking mode and the cats in Ty act
in tracing mode, generating the two new groups Sg,; and T4, re-
spectively (lines 4-5). Then, the two new groups are joined to gen-
erate a new Qgq by assuming the k-best solutions in the union
(line 6).

In the next subsections, we discuss the general behavior of both
modes and an improving operator for repairing and simplifying so-
lutions.

4.1. Seeking mode

Some parameters affect this mode:

e cdc: counts of dimensions to change. It indicates the percentage
of columns selected for a possible mutation.
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e pmo: the probability of mutation operation. It is the chance that
a given column is mutated.

o smp: the size of the seeking memory pool. It defines the size
of the pool considered for each cat, i.e., the number of identical
copies generated from a given solution.

Algorithm 2 shows the general scheme of this mode. Below, we

Algorithm 2 Seeking mode.

1: for each n € S; do

2 PIC < generatePool(n, smp) > step 1
3 PIC < mutatePool(PIC, cdc, pmo) > step 2
4; PIC < evaluateRepairSolutions(PIC) > step 3
5 n < rouletteWheelSelection(PIC) > step 4
6: end for

describe the algorithm step by step:

o Step 1 (line 2): a pool of smp identical copies to a given solu-
tion 7 is generated. This pool is denoted as PIC.

Step 2 (line 3): according to cdc, several columns of the so-
lutions in PIC are selected for a possible mutation. Next, such
columns are mutated according to pmo by changing zero by one
and vice versa.

Step 3 (line 4): the mutated solutions in the previous step are
evaluated. If a solution is infeasible, it is repaired through the
procedure described in Section 4.3.

Step 4 (line 5): n is replaced by a solution selected from PIC
through a roulette wheel selection. Thus, each ¢ ¢ PIC is as-
signed a selection probability sp, given by

sp, = (&) — f(worstpc)
¢ | f(worstpic) — f(bestpic) |

where f{-) is the fitness value of a solution calculated as given
by Eq. (2), bestpic and worstpc are the best and the worst solu-
tion in PIC, respectively, and | - | provides the absolute value of
a number.

4.2. Tracing mode

Some parameters affect this mode:

e iw ¢ [0, 5]: inertia weight.
e ac € [0, 5]: acceleration constant.
e vb ¢ [0, 1]: velocity bound.

Algorithm 3 shows the general scheme of this mode. Below, we

Algorithm 3 Tracing mode.

1: for each 1 € T; do

2 for j=1,2,...,ndo

3: v}, < calculateVelocity(n, j, iw, ac) > step 1
4

5

v} < analyzeVelocityBound(v),, vb) > step 2
pmut), < calculateMutationProbability()) © step

3
6: n/ < mutateColumn(pmut), 7, j) > step 4
7: end for
8: 1 < evaluateRepairSolution(n) > step 5
9: end for

describe the algorithm step by step:

e Step 1 (line 3): we calculate the velocity of the cat n € Ty as a
probability of change. This value is calculated for each column

of n. Thus, the velocity u% of the jth column of 5 is given by

j W% if nj= 0
Un = s (9)
otherwise

where W{ and wé are the probabilities that 7; changes to one
and zero, respectively. The values of w{ and W{) are given by

. . .
wi =w]iw+dj,
. " )
w) = w)iw +dj,
2! v
where w% and wf) are the probabilities that 7; changes to one

and zero in the previous iteration of the algorithm, respectively.
The values of d{ and d(f) are expressed as

gi = Jaac if best; =1
17 )—a ac  otherwise ’
gi = |- acif bestj =1
07 la ac otherwise ’

where « is a uniform random number in the interval [0, 1] and
best; is the value of the j-column of the best solution in Qg.

Note that w{/ and w{)/ are initialized to zero at the beginning

of the algorithm. )

Step 2 (line 4): we check if vf,, is within the bound determined

by vb. If the velocity is greater than this limit, it is replaced by

the value of vb.

Step 3 (line 5): we dynamically calculate the mutation proba-

bility pmut,’] of each column of 1 based on the velocity obtained

in the previous step. To this end, we consider the transfer func-

tions introduced in the next section.

Step 4 (line 6): we mutate the column 7/ based on the muta-

tion probability obtained in the previous step. To this end, we

consider the discretization methods introduced in the next sec-

tion.

o Step 5 (line 8): the new solution 1 is evaluated and improved
based on the procedure described in Section 4.3.

4.3. Improving operator

Based on the SCP definition discussed in Section 3, it is possi-
ble that a solution does not satisfy the constraints, resulting in an
infeasible solution. In this section, we describe an improving op-
erator for transforming infeasible solutions into feasible ones and
removing redundant columns to reduce the solution cost (Beasley
& Chu, 1996). Note that a column is redundant if after removing it,
the solution remains feasible.

Algorithm 4 shows the general scheme of this operator. Below,
we describe the algorithm step by step, considering a notation in-
spired by the formulation in Section 3. In steps 2 and 3, we de-
scribe the repairing function. In steps 4 and 5, we describe the re-
moving redundancy function.

o Step 1 (line 1): we identify the set of non-covered rows U C |
in the current solution S < J. To this end, we first calculate the
number of columns w; in S covering a given row i € I, which is
given by

w; = [[SNJill,

where || - || is the cardinal of a set and J; < J is the column set
covering the row i. Then, U is calculated as

U={iel:w;=0}
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Algorithm 4 Improving operator.

1: w;, U < initializeVariables(S) > Step 1
2: for eachicU do > Repairing function
3 j < selectColumnCoveringRow(i) > Step 2
4 S,w;, U < updateVariables(j) > Step 3
5. end for

6: for each j ¢ S do > Removing redundancy function
7 if w; > 1,Viel; then > Step 4
8 S, w; < removeColumn(j) > Step 5
9

end if
10: end for

Step 2 (line 3): we select a column j € J; covering a given row
i € U, which minimizes the function given by

L

U Nl

where [; € I is the row set covered by the column j.

Step 3 (line 4): once the column j is selected, we include this
column in the solution S, that is

S« Su{j}

As such column covers the row i € U, we update the number of
columns in S covering the row i, that is

wi; <~ w;+1

Next, U is updated by removing the row set covered by the col-
umn j, that is

U(—U—I]

Step 4 (line 7): we study if a given column j is redundant. To
this end, we check if the number of columns in S covering the
row i is greater than one, Vi € I;. If the condition holds, then we
remove the column j by going to step 5. Otherwise, the column
is not removable.

Step 5 (line 8): the column j is removed from the solution by
following the expression given by

S<S—j

Next, we update the number of columns covering the rows in
I;, that is

Wl'<—Wl'—1, Vielj

5. Transfer and discretization functions

In this section, we discuss the transfer and discretization func-
tions considered for addressing the steps 3 and 4 of the tracing
mode described in Section 4.2.

5.1. Transfer functions

Transfer functions give the probability pmut,é of mutating the
jth column of the solution 1 € Tg according to the current velocity
v{; of n; as given by Eq. (9), with je1,2,...,n.

We consider the eight transfer functions formulated in Table 2
and illustrated graphically in Fig. 2, Kennedy and Eberhart
(1997) and Mirjalili, Mohd, Taherzadeh, Mirjalili, and Salehi
(2011) proposed S, and V5, respectively; and Mirjalili and Hashim
(2012) proposed the others. The functions are divided into two
groups, called s-shape (Sq, S, S3, and S4) and v-shape (Vq, V,, V3,
and V), based on the function shapes. Thus, s-shape functions are
s-shaped and v-shape functions are v-shaped as shown in Fig. 2(a)
and (b), respectively. Moreover, s-shape functions are odd and v-
shape functions are even. Mirjalili and Hashim (2012) compared

Table 2
Formulation of the transfer functions.
s-shape v-shape
. 1 . .
S, :pmut) = . V; :pmut} = |erf ﬁvi, .
1+4e 2 2
. 1 . .
S, :pmut) = . V, :pmut) = [tanh(v})].
+e
cpmut! 1 cpmut] vh
S3 :pmut; = T Vs ipmuty = | ———=|.
U J1+ @h)?
1+e 2
Sy :pmut) = ! V, :pmut;) —‘Earctan<lv7>’
4 1P = 4}{7 . 4:p =17 )| -
1+e 3

both groups, concluding that v-shape functions outperformed s-
shape ones for a standard general framework. However, they did
not perform any formal study of the differences observed.

Analyzing Fig. 2, we note that all the functions in a group are
similar but having a different degree of smoothness. Thus, func-
tions with less smoothness have a smaller range of input values
v{] providing non-extreme values of the output interval [0,1] than
smoother functions.

For example, Sy is less smooth than S,. Based on S; formulation,
if we consider vf,/ equaling 2.3 and —2.3, we get a pmut,’7 value
of 0.99 and 0.01, respectively. On the other hand and based on S,
formulation, the same pmut,’7 values are obtained by assuming v{,
equaling 4.6 and —4.6, respectively. Thus, the range of input values
of S, providing non-extreme values is greater than the range of S;.

The motivation of including both groups of transfer functions is
as follows. A high velocity implies that the cat is away from the
optimal solution and a low velocity implies that the cat is close to
the optimal solution. Based on this velocity, the strategy of both
groups of transfer functions is different. S-shape functions cause
that cats with a low velocity have associated a low mutation prob-
ability, while cats with a high velocity have associated a high mu-
tation probability (see Fig. 2a). On the contrary, v-shape functions
cause that the mutation probability is high for cats with low and
high velocities (see Fig. 2b). Thus, we could define the following
indicative order from more conservative to more aggressive explo-
ration strategy: S4, S3, So, S1, V4, V3, V5, and V.

5.2. Discretization functions

Discretization functions generate a new binary value according
to the mutation probability given by transfer functions. We con-
sider the five discretization functions reviewed by Crawford et al.
(2015c¢). Such functions are in Table 3, where - is the logical com-
plement of a proposition, pmut,’7 is the output of the transfer func-
tion, « is a uniform random number in the interval [0, 1], n; is
given by Eq. (8), n;’ is the expected output of the discretization
function, f(-) is the fitness value of a solution calculated as given
by Eq. (2), and best; is the value of the jth column of the best so-
lution in Qg.

Next, we briefly describe each function:

Elitist roulette (D;): it considers a probability-based selection
process, where P[1;’ = §;] denotes the probability that 7’ as-
sumes the value of the jth column of § € Qg. Thus, if the condi-
tion holds, a value is randomly selected based on the rule: the
better the solution, it is more likely to be selected. Otherwise,
a value of 0 is returned.

Complement (D,): if the condition holds, it returns the comple-
ment of the input value ;. Otherwise, it returns ;.

Static probability (D3): if the first condition holds, it returns a
value of 0. If the second condition holds, it returns the value of
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(b) V-shape functions.

Fig. 2. S-shape and v-shape transfer functions.

Table 3
Formulation of the discretization functions.

D,: (elitist roulette)

, f©)
P’ =4l = 5 )

p[nj’ = 0} =1 otherwise.

if o < pmut],

D,: (complement)
nil = 7 ifoa< pmut{,,
! n; otherwise.
Dj3: (static probability)
0 if pmut) <,

nj' = | best; ifa < pmut) < %(1 +a),
1 otherwise.
D4: (set the best)
0y = best; if a < pmut),
! n; otherwise.
Ds: (standard)
0y = 1 ifocgpmut#,,
J 0 otherwise.

the jth column of the best solution in Qg. Otherwise, it returns
a value of 1.

o Set the best (D4): if the condition holds, it returns the value of
the jth column of the best solution in Qg. Otherwise, it returns
the input value 7;.

o Standard (Ds): if the condition holds, it returns a value of 1.
Otherwise, it returns a value of 0.

The motivation of including these five functions is because they
all offer different capabilities to the search strategy. As a way of
identifying such capabilities, we could define the following indica-
tive order from more exploratory to more exploitative strategies:
D,, Ds, Dy, D3, and D4. Crawford et al. (2015c) checked that the
behavior of such discretization functions was different. However,
they did not perform any formal study of the differences observed.

6. Experimentation

In this section, we discuss both the experimental method fol-
lowed and the experimental results obtained.

6.1. Experimental methodology

We apply the BCSO algorithm for solving two different problem
sets:

Tests for normality
(Shapiro—Wilk and Kolmogorov—Smirnov-Lilliefors)

At least one of them is not The two samples are
normally distributed normally distributed

Samples are matched? Samples are matched?

Yes No Yes No

Wilcoxon-
Mann-Whitney

Wilcoxon Paired t-test

Unpaired t-test

Fig. 3. Statistical methodology.

e The standard OR-library benchmark described in Table 4 in-
cludes 65 randomly generated non-unicost instances, which are
available in Beasley (2016). This dataset is widely considered in
the literature to test complex algorithms as the SIA assumed
in this work, e.g., Ren et al. (2010), Lu and Vasko (2015); Naji-
Azimi et al. (2010); Sundar and Singh (2012b), and Vasko et al.
(2016).

e Table 5 shows various combinatorial optimization problems
modeled as unicost SCPs. In general, unicost problems are
more challenging compared to their non-unicost approaches.
The dataset is available in Beasley (2016).

In Tables 4 and 5, Density field means the percentage of ones in
the A matrix given by Eq. (1) and Optimal solution field shows two
possible values, known and unknown, according if the instances
have associated a solution checked to be optimal, or instead it
could not be tested due to the instance complexity. Thus, instance
sets 4, 5, 6, A, B, C, D, NRE, and NRF have associated a solution
checked to be optimal. On the contrary, we only know the best
historical solution for sets NRG, NRH, and all the unicost instances.

The authors of BCSO adapted the SIA to the discrete scope as-
suming the transfer function S, and the discretization function Ds.
Now, we solve the two problem sets by considering the forty bi-
narization techniques introduced before to study if there are sig-
nificant differences between the binarization approaches. To this
end, we perform 30 independent runs for each instance and bi-
narization technique, being 30 a widely accepted value for getting
statistical conclusions (Hays & Winkler, 1970). Next, we analyze the
distributions of 30 samples for each instance and binarization tech-
nique through the methodology shown in Fig. 3 (Hays & Winkler,
1970).
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Table 4

Standard OR-library benchmark description.
Instance set ~ Number of m n Cost range  Density (%)  Optimal

instances solution

4 10 200 1000 [1,100] 2.00 known
5 10 200 2000 [1,100] 2.00 known
6 5 200 1000 [1,100] 5.00 known
A 5 300 3000 [1,100] 2.00 known
B 5 300 3000 [1,100] 5.00 known
C 5 400 4000 [1,100] 2.00 known
D 5 400 4000 [1,100] 5.00 known
NRE 5 500 5000 [1,100] 10.00 known
NRF 5 500 5000 [1,100] 20.00 known
NRG 5 1000 10,000  [1,100] 2.00 unknown
NRH 5 1000 10,000  [1,100] 5.00 unknown

Table 5

Unicost benchmark description.
Instance name m n Density (%) Optimal

solution

CYC.6 240 192 2.10 unknown
CYC.7 672 448 0.90 unknown
CYC.8 1792 1024 0.40 unknown
CLR10-4 511 210 12.30 unknown
CLR.11-4 1023 330 12.40 unknown
CLR12-4 2047 495 12.50 unknown
CLR.13-4 4095 715 12.50 unknown

The type of stop condition is the same for all the instances, be-
ing based on the number of evaluations. This type of criterion is
fairer than others, such as elapsed time, which depends on the ma-
chine performance. We consider two different values for the stop
condition according to the problem size: 40000 evaluations for the
sets 4, 5, 6, A, B, C, D and 5000 evaluations for the sets NRE, NRF,
NRG, NRH, and all the unicost instances. We assume two different
values because the computation effort required for both groups is
notably different. As proof of this and assuming the machine de-
scribed in Section 7, the average execution time of one run for the
first group is 29.46 seconds, while the average execution time of
one run for the second group is 221.23 seconds. We could consider
the same value of 40,000 evaluations for both groups. However,
the computational time for the second group would be excessively
high. On the contrary, if we consider the same value of 5000 eval-
uations for both groups, we would get a reduced computational
time for the first group. However, the reliability of the results ob-
tained could be also reduced, while considering 40,000 evaluations
involves a low computational effort.

As any other metaheuristic, we should configure the BCSO algo-
rithm before running the experiments. To this end and for each pa-
rameter of the algorithm, we define a range of values to study and
a default configuration. Then, we perform 30 independent runs for
each configuration of a parameter, instance, and binarization tech-
nique, resulting in 1200 runs for each value of a parameter and
instance. Then, we select the configuration, providing the best per-
formance on average. Next, we select another parameter until all of
them are set. Table 6 shows for each parameter the range of values
and the configurations selected. Note that iw, ac, and vb parame-
ters were experimentally set to 1.00, 1.00, and 0.80 to decrease the
parametric swap complexity, i.e., the number of parameters to con-
figure.

Table 6 includes the configurations obtained for each bench-
mark. Note that with the purpose of optimizing the algorithm be-
havior solving the SCP, we give a specific configuration based on
the problem size, instead of getting a general configuration for the
two problems sets. As expected, this parametric swap needs a large
amount of computation effort. Thus, for the OR-library, we group

the instances by a similar number of rows x columns as follows:
The first group includes instance sets 4, 5, and 6 with size 200
x 1000 and 200 x 2000. The second group includes instance sets
A and B with size 300 x 3000. The third group includes instance
sets C and D with size 400 x 4000. The fourth group includes in-
stance sets NRE and NRF with size 500 x 5000. The fifth group
includes instance sets NRG and NRH with size 1000 x 10000. As
a result, we get five configurations for solving the OR-library (65
instances). On the contrary, for the unicost benchmark, we give
a configuration for each instance because the number of rows x
columns is significantly different and then we opted not to group
the instances.

6.2. Experimental results

As a quality metric, we consider the average Relative Percentage
Deviation (RPD), quantifying how close is a solution to the optimal

one. The average RPD metric rpfdzu for a discretization function d €
Dy,D,,...,Ds, a transfer function t e Sy,Sy,...,S4, V1, V5, ..., Vy,
and an instance i € {OR-library, unicost-library} is calculated as

. 21' Zi
g -
rpdy, = [~ ) 100,

opt

where 7}, is the optimal solution or the best historical solution,

depending on the case, for the instance i and Zf“ is the aver-
age fitness value obtained for 30 runs while solving the instance
i through d and t functions.

Tables 7 and 8 show the average RPD for each instance
and binarization technique, where lower (better) RPD values are
shaded. Note that Table 7 includes s-shape transfer functions and
Table 8 includes v-shape ones. In these tables, some binarization
techniques seem to offer better performance than others for a
given instance. However, we do not know if the differences ob-
served are significant.

To this end, we first study if the data follow a normal distribu-
tion through Kolmogorov-Smirnov-Lilliefor’s (Lilliefors, 1967) and
Shapiro-Wilk’s (Shapiro & Wilk (1965)) tests, assuming the hy-
pothesis Hy: data follow a normal distribution and Hy: otherwise.
We obtained p-values lower than 0.05 for all the cases. Hence, we
cannot assume that the data follow a normal distribution. Thus,
we should consider the median as the average value. Note that
Tables 7 and 8 were generated after performing this study and
then the median was assumed.

Next, we study if there are significant differences among the
binarization techniques. As samples are independent and data
do not follow a normal distribution, we assume the Wilcoxon-
Mann-Whitney’s Mann and Whitney (1947) test with the hy-

pothesis Hy: rpfd;.bzrpfd;d, Va,ceDy.D,,....Ds and Vb.de
$1.82.....54. V1. Vp, . Vg,
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Table 6
Parametric swap.

Parameter ~ Range OR-library benchmark Unicost benchmark
Instance set Selected Instance name  Selected  Instance name  Selected
4,5, and 6 100 CYC.6 50 CLR.10-4 75
A and B 50 CYC.7 50 CLR.10-5 50
k [10,15.... ,200] Cand D 30 CYC.8 25 CLR.10-6 75
NRE and NRF 25 CLR.10-7 25
NRG and NRH 20
4, 5, and 6 0.70 CYC.6 0.75 CLR.10-4 0.75
A and B 0.65 CYC.7 0.75 CLR.10-5 0.75
mr [0.10,0.15,..,0.90] Cand D 0.50 CYC.8 0.25 CLR.10-6 0.25
NRE and NRF 0.50 CLR.10-7 0.75
NRG and NRH  0.50
4,5, and 6 5 CYC.6 10 CLR.10-4 25
A and B 5 CYC.7 10 CLR.10-5 10
smp [5,10.,... ,50] Cand D 10 CYC.8 10 CLR.10-6 25
NRE and NRF 15 CLR.10-7 10
NRG and NRH 20
4, 5, and 6 0.97 CYC.6 0.80 CLR.10-4 0.80
A and B 0.93 CYC.7 0.80 CLR.10-5 0.80
pmo [0.01,0.02,... ,1.00] Cand D 0.90 CYC.8 0.80 CLR.10-6 0.90
NRE and NRF 1.00 CLR.10-7 0.90
NRG and NRH 1.00
4,5, and 6 0.10 CYC.6 2.00 CLR.10-4 2.00
A and B 0.10 CYC.7 0.60 CLR.10-5 1.00
cdc(%) [0.10,0.20,.,90.00] C and D 0.20 CYC.8 0.10 CLR.10-6 2.00
NRE and NRF 0.20 CLR.10-7 0.60

NRG and NRH ~ 1.00

We analyze the p-values obtained by considering a significance
level of 0.05. Based on this analysis and for each instance set,
Table 9 shows the percentage of cases in which a binarization
technique offers the best significant performance compared to all
others. In this table, better values are shaded from a darker to a
lighter tone, i.e., from better to worse behavior.

Analyzing this table, we reach that for the instance set 4 the
best combination is (D, V3). For the set 5 are (D3, S4), (D3, V3),
and (D,, V4). For the set 6 is (D3, V4). For the set A is (D,, V3). For
the set B is (D3, S). For the set C is (Dy4, V4). For the set D is (Dy,
S,). For the set NRE is (Dg4, V4). For the set NRF is also (D4, V4). For
the set NRG is (D1, S3). For the set NRH is also (Dq, S3). For the set
CYC is (D1, V7) and for the set CLR is (D3, S4).

From this first study, we do not reach any specific trend for
selecting a concrete binarization approach. To this end, Tables 10
and 11 show the Relative Variation Percentage (RVP) for each fam-
ily of instance sets and binarization approach, where we group
the instances by a similar complexity level forming families. Thus,
we define the following family order from lower to higher com-
plexity: F; = {4,5,6}, K = {A,B}, 5 ={C,D}, F, = {NRE,NRF}, Fs =
{CYC,CLR}, and F; = {NRG, NRH}.

The RVP metric rvpf;t for a discretization function d, a trans-

fer function t, and a family of instance sets f € i, F, ..., F is ex-
pressed as

lapc],,, —apc] |
rup{jr,f _ best d,t )

apC;Jé’S[

where apcﬁlt is the average percentage of cases, compared to all
others, in which the combination of d and t functions offers the
best significant performance solving the family f, and apcl{est is the
average percentage of cases, compared to all others, in which the
best binarization approach solves the family f. Formally, apcgt is

given by

> pch,

JeFy

[ _
P = TR

where pcé_t is the percentage of cases, compared to all others, in
which the combination of d and t functions offers the best signif-
icant performance solving the instance set j. Note that pcf“ val-
ues are provided in Table 9 as a result of the statistical study per-
formed before. Consequently, apc{es[ is given by

max
deDy.D,,....Ds
te51.5....54.V1.Va.,..Vy

apcl{est = arg {apcg[},

where argmax{-} provides the point/points where a function gets
its maximum value/values.

Tables 10 and 11 have the same RVP values, but showing the
information differently to analyze the behavior of transfer and dis-
cretization functions in a better way. Thus, Table 10 presents the
information grouped by transfer functions and Table 11 presents
the information grouped by discretization functions. Note that the
lower the RVP value, the binarization approach is better. In this
line, better RVP values are shaded from a darker to a lighter tone
in both tables.

Table 10 is sorted based on the indicative order defined for
transfer functions in Section 5.1, i.e., from more conservative to
more aggressive exploration strategy. Analyzing this table, we find
the following trend: v-shape transfer functions outperforms s-
shape ones for solving small and medium problems (Iy, I, I3, and
I families), while s-shape functions are better for solving large
problems (Is and Ig families). This fact agrees with the behav-
ior of the transfer functions described before in Section 5.1. V-
shape functions follow an aggressive exploration strategy, assign-
ing high mutation probabilities for both near and far optimal so-
lutions. On the contrary, s-shape functions follow a conservative
exploration strategy, assigning high mutation probabilities only for
far optimal solutions. Thus, v-shape functions are fit for solving
limited search space problems and s-shape functions are fit for
solving large search space problems. The same behavior is shown
in Table 12, where RVP values are presented for each family re-
gardless of the discretization function considered. To this end, the
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Average RPD for each instance and binarization technique: s-shape transfer functions.

Instance Discretization and s-shape transfer functions
D] D2 D3 D4 D5 D1 Dz D3 D4 D5 D] Dz D3 D4 D5 D] Dz D3 D4 D5
51 52 53 54

41 3,58 280 284 380 324 258 611 644 274 316 283 634 6.85 301 311 3.08 593 392 370 313
42 511 411 477 389 471 440 844 622 462 381 440 883 6.00 516 5.05 472 814 503 371 405
43 795 731 718 754 8.09 798 1192 793 771 796 790 1152 795 741 828 749 1072 786 851 7.89
44 415 445 526 516 3.62 329 592 390 428 385 444 732 373 361 422 468 671 377 391 354
45 277 278 244 246 255 251 428 275 255 219 281 436 253 260 240 229 419 257 242 234
4.6 173 233 124 155 161 174 437 124 132 142 150 392 166 142 1.68 157 492 143 130 113
4.7 209 205 236 229 219 257 397 218 224 226 209 400 213 215 252 233 429 207 222 198
4.8 565 4.07 509 495 4.63 475 1000 498 522 430 478 864 392 497 509 480 948 563 573 537
49 582 582 554 540 583 590 832 6.04 560 592 528 813 596 568 546 563 697 537 543 555
4.10 252 272 279 215 2.61 285 499 263 257 317 2.51 4.51 227 224 283 3.05 540 272 253 247
51 3.62 441 397 379 416 444 609 377 3.60 3.78 422 623 4.02 354 449 4,08 572 353 365 3.75
5.2 448 425 462 458 412 445 692 511 423 402 418 656 4.07 430 377 442 658 4.03 424 467
53 372 431 388 383 339 394 628 358 298 3.01 342 614 333 3.08 339 367 6.08 361 394 386
54 158 160 146 150 147 145 196 149 154 146 147 197 146 149 1.56 1.52 187 138 151 153
5.5 449 4.09 4.00 419 433 425 561 431 427 444 404 537 427 423 428 466 561 428 431 427
5.6 624 599 570 665 5.99 546 1053 6.12 612 520 629 961 632 604 6.08 554 956 640 507 518
5.7 443 482 445 423 437 455 931 460 445 446 361 962 379 453 423 482 940 478 398 501
5.8 672 630 669 662 6.82 7.06 1031 642 682 6.85 7.03 11.04 663 655 6.69 622 1057 640 730 6.82
5.9 061 118 146 056 0.62 058 1.58 149 062 0.51 072 195 072 118 118 058 1.82 061 062 1.15
5.10 405 411 392 400 436 390 560 392 423 430 405 558 429 414 395 387 526 370 423 4.09
6.1 710 7.08 7.00 715 7.00 6.67 1244 657 684 7.29 645 11.74 7.78 751 6.62 7.08 1263 746 732 6.57
6.2 3.07 295 294 293 297 274 521 274 274 274 274 527 274 299 3.02 274 532 274 274 295
6.3 494 531 521 510 5.06 522 628 515 510 490 526 690 513 554 513 474 625 582 487 586
6.4 265 293 280 3.00 293 290 364 265 303 293 288 392 295 298 323 3.08 394 300 293 318
6.5 484 524 501 464 507 509 621 487 516 565 513 631 557 518 4.93 480 625 520 489 470
Al 887 885 885 9.00 914 916 10.84 9.16 918 945 874 10.67 875 933 916 9.05 1075 9.10 888 9.28
A2 503 516 520 520 5.09 538 620 516 517 521 487 619 534 520 5.05 505 618 513 512 524
A3 513 547 486 468 547 517 872 519 501 5.01 546 7.82 486 484 526 553 7.57 470 477 529
A4 491 483 526 496 537 499 590 5.07 466 491 516 6.04 524 524 5.09 493 641 541 491 5.07
A5 1.27 1.26 112 113 117 126 1.57 1.27 1.27 112 1.21 136 130 1.27 1.23 136 141 1.16 1.19 1.26
B.1 841 884 758 821 6.81 7.78 1034 879 783 870 845 11.64 783 790 845 7.63 1126 836 8.02 8.16
B.2 1149 1149 1202 11.71 11.93 1246 1474 1026 1211 11.58 11.67 15.04 1237 11.71 11.40 1140 1421 1250 1145 1145
B.3 354 329 346 400 379 375 529 350 354 383 325 646 354 342 283 404 600 387 367 292
B4 633 633 633 633 633 633 717 633 629 633 633 726 633 633 633 633 7.05 633 633 654
B.5 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139
c1 338 325 332 333 330 338 441 339 326 336 332 482 333 336 342 327 476 332 345 338
C2 513 510 505 504 533 518 693 543 531 484 508 6.83 507 516 525 463 7.05 508 507 487
Cc3 916 867 920 890 9.11 927 1247 942 940 981 9.01 1217 947 9.00 894 879 1272 957 949 955
c4 887 881 854 9.01 919 924 1117 886 939 8.86 1.71 11.05 933 927 8.71 921 1129 9.06 9.68 893
C5 696 718 718 712 712 6.79 922 647 688 797 957 949 749 716 6388 7.09 856 681 7.07 7.32
D1 833 864 794 767 864 901 772 733 897 767 914 778 833 877 833 756 767 833 6.72 883
D.2 6.06 6.06 6.06 6.06 6.06 571 6.06 6.06 606 6.06 6.06 571 6.06 571 6.06 6.06 6.06 6.06 6.06 5.61
D3 926 9.03 931 921 9.07 912 931 944 912 972 10.09 972 972 972 972 940 921 935 926 912
D4 613 624 634 651 613 581 629 591 597 597 737 640 543 613 5.86 6.08 618 559 6.02 6.13
D5 699 6.67 699 661 6.83 650 6.56 6.56 628 6.50 770 7.05 716 645 6.72 672 716 6.89 639 6.61
NRE.1 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345
NRE.2 1456 15.00 14.67 1511 15.00 1489 15.00 15.56 1533 15.00 15.89 15.00 14.56 1522 14.78 1511 1478 15.00 1511 15.56
NRE.3 2321 2358 2136 22.72 2296 2395 24.07 2321 2420 23.58 2395 21.85 22.84 2210 23.70 23.46 23.09 2321 2272 22.72
NRE.4 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86
NRE.5 7.14 7.14 7.14 714 7.14 714 7.14 7.14 7.14 7.14 7.14 7.14 714 7.14 7.14 7.14 7.14 7.14 7.14 7.14
NRE1 2143 2143 2143 2143 2143 21.43 2143 2143 2143 2143 2143 2143 2143 2143 2143 21.43 2143 2143 2143 2143
NRE.2 20.00 20.00 18.00 20.00 20.00 20.00 20.00 20.00 18.44 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00
NRE.3 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143
NRE4 23.81 2333 2143 24.76 24.76 25.00 24.52 25.00 2143 24.29 23.81 22.86 22.86 24.05 24.52 24,52 24.05 22.62 24.05 2310
NRE.5 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08
NRG.1 9.72 1036 10.28 10.27 10.42 9.85 10.02 10.30 1032 10.52 9.79 10.00 1030 1045 10.27 1032 1051 1035 1034 10.31
NRG.2 881 861 866 881 8.66 877 814 879 861 874 8.07 816 881 879 861 879 848 864 887 864
NRG.3 994 1004 998 984 986 996 9.64 992 990 9.90 964 964 994 10.06 10.00 1000 994 992 990 994
NRG.4 915 925 913 913 9.09 9.01 897 915 927 911 889 915 952 9.01 9.07 913 921 917 952 911
NRG.5 10.08 9.88 992 10.02 9.84 994 992 980 976 10.06 893 10.00 9.70 9.88 9.96 992 10.00 10.06 9.66 9.76
NRH.1 1519 14.87 14.92 1519 1519 1497 1450 1519 1497 15.87 12.70 14.81 15.08 14.81 14.71 1534 1519 14.71 1481 1534
NRH.2 635 635 635 635 6.35 635 635 635 635 635 635 635 635 635 6.35 635 635 635 635 635
NRH.3 1695 1695 16.95 1695 16.95 16.95 16.95 16.95 1695 16.95 16.95 16.95 1695 16.95 16.95 16.95 16.95 16.95 16.95 16.95
NRH.4 1529 15.75 15.80 1540 15.69 1529 15.52 1552 15.52 15.06 1552 15.75 1598 1552 15.46 1581 15.52 1563 15.69 15.11
NRH.5 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091
CYC.6 20.00 20.00 18.33 20.00 20.00 20.00 21.67 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 21.67 20.00 20.00
CYC.7 2431 2431 2431 25.00 25.00 25.00 2431 25.00 2431 25.00 25.00 25.00 25.00 24.31 23.61 23.61 2431 2569 2569 2431
CYC.8 2442 2413 2442 2413 2471 2558 2413 2471 2471 24.42 2442 2500 24.71 2529 24.42 2413 2442 2442 2500 2471
CLR10-4 16.00 16.00 16.00 16.00 20.00 16.00 20.00 16.00 20.00 20.00 16.00 16.00 16.00 16.00 20.00 16.00 20.00 20.00 20.00 20.00
CLR11-4 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043 3043
CLR12-4 3478 34.78 34.78 34.78 34.78 34,78 34.78 34.78 34.78 34.78 34.78 34.78 34.78 34.78 34.78 3478 34.78 34.78 34.78 34.78
CLR13-4 5217 5217 5217 5217 47.83 47.83 47.83 5217 5217 5217 5217 47.83 5217 47.83 5217 5217 5217 47.83 5217 5217
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Table 8
Average RPD for each instance and binarization technique: v-shape transfer functions.
Instance Discretization and v-shape transfer functions
D] D2 D3 Dq D5 D1 Dz D3 D4 D5 D] Dz Dg D4 D5 D1 Dz D3 D4 D5
Vi v, Vs Va

41 276 350 314 330 294 3.01 3.08 328 364 3.05 269 364 319 348 3.61 323 690 295 357 338
42 445 420 455 349 418 518 452 488 372 414 395 483 446 415 430 374 562 502 411 434
43 831 777 773 769 767 740 751 720 854 7.96 755 864 784 812 7.59 750 7.70 764 781 713
44 495 420 373 489 379 387 422 414 360 415 414 392 391 464 457 392 433 410 370 4.23
45 229 286 289 266 232 249 3.07 242 249 274 294 258 243 281 237 236 279 325 273 254
4.6 133 147 183 153 123 157 150 1.09 142 1.26 155 140 155 139 115 168 157 170 132 1.51
4.7 249 218 224 222 244 242 235 227 241 191 175 218 260 247 254 217 251 250 211 275
438 506 543 514 529 515 562 512 456 480 5.49 528 419 474 535 538 483 587 564 471 388
49 566 572 573 545 5.61 562 546 569 594 6.00 584 565 546 593 521 591 556 540 552 554
4.10 269 274 250 213 282 3.05 252 285 244 296 244 213 268 292 236 226 285 284 238 315
51 337 376 3.63 380 457 399 468 372 397 401 3.63 387 371 347 382 458 338 386 383 376
5.2 403 446 469 415 419 427 432 448 386 382 438 414 374 407 437 418 417 437 393 398
53 313 327 407 335 345 373 369 329 344 338 412 332 339 355 392 350 4.00 353 322 361
54 154 158 145 152 157 145 163 146 154 134 154 153 129 157 153 136 158 147 152 149
5.5 409 415 433 460 430 427 447 425 441 422 450 445 415 427 417 441 427 447 415 438
5.6 649 583 489 643 593 560 6.06 6.79 557 612 523 592 576 610 5.76 610 576 582 570 520
5.7 411 466 4.82 432 482 355 392 433 449 497 477 462 423 462 408 423 402 388 427 497
5.8 725 712 709 628 6.52 6.57 633 698 668 6.89 6.61 647 638 670 6.62 671 723 670 615 6.68
5.9 072 146 134 058 055 058 072 123 063 1.22 072 066 061 131 055 128 057 058 1.08 0.58
5.10 424 425 406 420 442 426 394 420 4.04 413 400 394 389 416 392 410 425 4.04 410 396
6.1 710 7.05 684 652 6.76 703 594 679 725 744 647 652 737 739 611 664 787 7.05 698 7.49
6.2 274 274 299 295 295 274 3.03 310 301 274 215 274 297 294 274 3.03 292 274 306 274
6.3 547 499 566 483 526 522 476 499 485 5.06 517 487 467 520 536 506 497 474 508 543
6.4 298 3.00 282 313 3.05 305 321 310 295 265 3.05 275 270 3.05 295 293 3.00 260 272 290
6.5 497 476 491 505 439 470 507 511 522 509 493 509 549 499 497 482 472 445 501 501
Al 856 859 914 9.09 9.01 920 920 9.03 903 891 884 9.06 9.01 892 887 899 879 883 888 888
A2 525 513 537 513 521 511 520 517 546 530 528 516 534 508 4.99 525 520 520 513 526
A3 579 483 501 557 524 513 510 516 520 477 494 454 507 570 5.07 573 550 599 516 5.65
A4 490 540 494 511 496 487 528 520 487 511 528 499 523 481 5.09 497 516 510 4.86 5.11
A5 1.10 1.19 117 1.21 133 1.19 117 1.05 1.10 1.14 134 105 129 124 134 1.20 1.27 1.09 1.27 1.27
B.1 821 812 812 812 787 787 826 816 889 7.58 855 8.07 836 855 797 836 739 841 821 812
B.2 11.75 1197 1123 1118 1215 1211 10.83 1140 11.75 10.75 1250 11.71 10.83 11.93 11.18 10.75 11.54 1140 11.62 10.79
B.3 321 4.04 358 392 433 350 296 371 346 4.08 396 338 350 375 4.08 3.08 375 3.08 283 346
B4 633 633 633 633 633 633 6.62 633 633 6.33 684 633 586 633 633 633 633 6.58 633 6.33
B.5 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139 139
c1 335 352 335 329 322 325 339 330 335 325 345 352 338 330 352 339 337 331 330 341
C2 484 508 539 475 514 460 548 473 556 533 514 481 524 521 562 581 489 519 513 5.07
Cc3 957 944 926 940 937 968 9.95 938 933 882 931 936 956 973 944 955 886 9.57 881 948
c4 889 927 941 933 942 880 924 963 930 1012 936 924 912 950 9.09 875 892 9.06 932 878
Cc5 642 684 7.01 654 7.01 681 715 730 693 7.69 643 6.82 699 664 6.93 709 7.09 713 633 6.74
D1 864 767 739 694 7.89 744 678 728 744 767 772 759 783 7.78 8.87 783 733 7.00 778 794
D.2 6.06 6.06 606 6.06 6.06 6.06 6.06 6.06 606 5.66 6.06 6.06 6.06 571 5.71 6.06 6.06 6.06 606 6.06
D3 944 944 931 9.07 9.21 940 9.07 921 921 9.07 972 921 917 921 921 972 940 931 972 972
D4 597 640 591 548 6.08 640 6.02 645 683 5.81 597 6.02 618 618 6.08 618 629 6.02 661 6.08
D5 661 7.05 656 689 6.72 683 678 694 650 7.21 694 645 656 672 6.72 6.89 639 6.67 683 6.67
NRE.1 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345 345
NRE.2 14.89 15.00 15.00 1544 15.33 1333 15.00 1511 1456 14.67 1511 14.89 15.67 14.67 1544 1511 1511 1533 1489 1544
NRE.3 2272 2235 2247 2346 2259 2395 2235 2272 23.58 2259 21.60 2259 2247 22.72 22.96 2222 2321 2235 18.02 23.09
NRE.4 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 17.86 1690 17.86
NRE.5 7.14 7.14 7.14 7.14 714 7.14 7.14 7.14 7.14 7.14 7.14 7.14 7.14 7.14 7.14 7.14 714 7.14 7.14 7.14
NRFE1 2143 2143 2143 2143 2143 21.43 2143 2143 2143 2143 2143 2143 2143 2143 2143 21.43 2143 2143 2143 2143
NRE.2 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 18.22 20.00
NRE.3 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143 2143
NRE4 23.33 24.05 2310 24.05 23.81 22.62 24.05 2048 22.86 23.81 23.33 2357 2429 2286 2333 24,05 21.43 2310 2143 2381
NRE.5 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08 23.08
NRG.1 1019 1032 1017 1040 10.21 1036 10.28 10.23 1044 10.32 1030 10.51 1045 10.19 10.27 10.53 10.28 1042 1036 10.34
NRG.2 866 877 872 870 844 887 879 883 896 894 892 887 918 870 9.05 861 885 896 905 890
NRG.3 998 10.02 9.88 9.84 10.02 994 10.02 994 994 998 994 1000 998 996 9.96 994 994 10.06 1000 9.96
NRG.4 9.09 952 929 885 921 921 913 921 9.09 895 9.07 9.09 919 899 9.03 895 915 927 913 929
NRG.5 1004 966 9.78 990 9.82 990 10.00 1014 990 9.52 992 996 9.82 998 982 998 10.26 10.04 1014 9.94
NRH.1 1439 15.08 1540 14.97 15.03 1529 15.08 14.87 14.87 14.87 15.24 1497 14.76 1545 14.92 1492 1513 14.55 1513 14.92
NRH.2 635 635 635 635 635 635 635 635 635 635 635 635 635 635 635 635 635 635 635 635
NRH.3 1695 16.95 16.95 1695 16.95 16.95 16.95 16.95 1695 16.95 1695 16.95 16.95 16.95 16.95 16.95 16.95 16.95 1695 16.95
NRH.4 15.52 1529 15.86 15.69 15.52 15.52 1552 15.86 15.92 15.52 15.52 1552 16.03 15.80 15.52 15.52 1552 15.23 1534 15.80
NRH.5 1091 1091 1091 1091 1091 1091 1091 1091 1091 10.91 1091 1091 1091 1091 1091 1091 1091 1091 1091 1091
CYC.6 1833 20.00 18.33 20.00 20.00 20.00 20.00 20.00 20.00 20.00 20.00 1833 20.00 20.00 21.67 20.00 20.00 20.00 20.00 20.00
CcYc.7 2431 25.00 2431 2361 2500 25,69 2361 2500 25.00 25.69 25.00 25.00 2431 2431 2500 25.00 2431 2431 2569 25.00
CYC.8 2442 25.00 24.71 25.00 24.71 2442 2442 2442 2442 2529 25.00 24.71 2413 2355 2529 2442 2471 2442 2384 24.42
CLR10-4 20.00 16.00 20.00 16.00 16.00 16.00 16.00 20.00 16.00 20.00 16.00 16.00 20.00 16.00 20.00 20.00 16.00 16.00 16.00 16.00
CLR11-4 3043 34.78 3043 3043 3043 34.78 3043 3043 3043 3043 3043 34.78 3043 3043 3478 3043 3043 3043 3043 3043
CLR12-4 3478 34.78 34.78 34.78 34.78 34,78 34.78 34.78 34.78 34.78 34.78 34.78 34.78 34.78 34.78 34,78 34.78 34.78 34.78 34.78
CLR13-4 47.83 5217 5217 5217 5217 47.83 5217 47.83 5217 5217 5217 47.83 5217 47.83 47.83 5217 5217 47.83 5217 47.83
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Table 9
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Statistical analysis. Percentage of cases in which a binarization technique offers the best significant performance compared to all others.

Discr.  Trans. Instance set

4 5 6 A B C D NRE NRF NRG NRH CcYc CLR
D, M 1.87% 2.62% 2.46% 3.03% 1.97% 2.47% 2.08% 3.85% 0.00% 4.55% 2.36% 3.78% 0.35%
D, 3.79% 2.06% 1.36% 2.90% 2.37% 2.68% 2.08% 0.38% 0.69% 1.22% 0.39% 3.24% 3.90%
Ds 2.72% 2.06% 1.86% 2.64% 2.50% 2.88% 1.77% 7.69% 20.49% 0.78% 0.39% 7.57% 2.48%
Dy 2.99% 2.62% 1.61% 3.03% 1.97% 2.88% 2.49% 0.00% 0.00% 0.44% 1.97% 3.24% 7.80%
Ds 2.08% 2.47% 1.61% 2.11% 4.34% 2.57% 2.28% 0.38% 0.00% 1.11% 0.39% 2.70% 1.42%
D, S, 3.15% 2.77% 3.22% 1.71% 2.37% 2.47% 5.50% 0.77% 0.00% 4.88% 3.94% 0.00% 4.96%
D, 0.11% 0.00% 0.08% 0.00% 0.26% 0.10% 2.28% 0.38% 0.00% 12.32% 3.15% 1.62% 0.00%
D; 1.60% 1.54% 4.15% 1.84% 5.39% 3.30% 2.39% 0.00% 0.00% 1.55% 0.79% 1.08% 1.77%
Dy 2.40% 2.93% 3.05% 3.95% 2.11% 2.57% 3.01% 0.00% 22.57% 2.33% 1.97% 3.78% 0.00%
Ds 3.47% 4.01% 3.22% 3.29% 1.97% 2.47% 1.35% 0.38% 0.00% 0.44% 2.36% 2.70% 2.48%
D, S3 3.15% 2.77% 3.14% 3.82% 2.24% 1.44% 0.00% 0.00% 0.00% 17.54% 16.93% 1.08% 2.13%
D, 0.11% 0.00% 0.00% 0.13% 0.00% 0.00% 4.15% 5.00% 1.39% 12.10% 1.18% 0.00% 7.09%
Ds 3.21% 2.52% 3.05% 2.24% 2.37% 2.27% 1.77% 3.85% 0.35% 1.55% 0.39% 1.62% 7.09%
Dy 2.88% 2.62% 1.27% 1.98% 2.37% 2.37% 4.36% 2.69% 0.00% 1.00% 1.97% 3.78% 5.32%
Ds 1.98% 2.06% 1.69% 1.98% 4.21% 2.68% 1.04% 1.54% 0.00% 1.22% 2.76% 1.62% 0.71%
D, S 2.30% 2.57% 3.64% 2.50% 2.76% 3.81% 2.18% 0.38% 0.00% 1.00% 0.39% 0.00% 0.00%
D, 0.27% 0.00% 0.08% 0.26% 0.00% 0.21% 1.66% 1.54% 0.00% 2.00% 1.97% 3.24% 5.67%
D; 2.19% 4.16% 2.71% 1.98% 1.97% 2.57% 2.60% 0.38% 2.43% 1.66% 3.15% 0.00% 8.51%
Dy 2.94% 2.88% 3.31% 3.43% 2.37% 2.06% 3.12% 0.38% 0.00% 2.00% 0.39% 0.00% 0.71%
Ds 3.15% 2.26% 1.69% 1.71% 2.89% 1.96% 5.09% 0.00% 0.00% 2.33% 4.72% 2.16% 0.00%
D, Vi 2.51% 3.34% 3.05% 4.22% 2.11% 3.71% 1.56% 0.38% 0.69% 2.00% 7.48% 11.35% 2.13%
D, 2.08% 1.85% 3.31% 4.08% 1.97% 2.06% 1.97% 1.15% 0.00% 1.11% 3.94% 2.16% 0.00%
Ds 2.24% 2.72% 1.61% 2.24% 2.37% 2.27% 2.39% 0.77% 1.39% 1.78% 0.39% 3.78% 0.00%
Dy 3.90% 2.93% 1.78% 1.84% 2.63% 3.71% 3.53% 0.00% 0.00% 3.44% 1.18% 3.24% 2.48%
Ds 2.56% 2.57% 2.46% 1.71% 2.24% 3.19% 2.18% 0.38% 0.00% 3.11% 1.97% 0.00% 0.71%
D, V, 2.30% 3.55% 3.39% 2.77% 211% 3.81% 2.80% 15.00% 0.69% 0.44% 1.97% 0.00% 5.32%
D, 2.35% 2.11% 3.73% 1.98% 3.82% 2.27% 2.28% 1.15% 0.00% 1.11% 1.57% 5.41% 1.42%
D; 2.56% 1.80% 1.69% 3.95% 1.71% 2.78% 1.77% 0.38% 11.81% 1.44% 1.18% 0.54% 2.13%
Dy 3.10% 3.03% 1.69% 3.03% 2.11% 2.27% 2.39% 3.85% 0.00% 0.44% 0.79% 1.08% 2.48%
Ds 2.72% 2.47% 3.90% 2.37% 3.68% 2.27% 4.78% 3.08% 0.00% 4.33% 1.97% 1.62% 0.71%
D, V3 411% 1.95% 3.47% 2.24% 1.18% 3.09% 0.52% 5.00% 0.69% 0.55% 1.97% 2.70% 7.09%
D, 2.88% 2.57% 3.90% 5.53% 1.97% 2.78% 2.80% 0.77% 0.00% 0.44% 1.97% 3.78% 2.84%
Ds 2.30% 4.16% 2.63% 1.84% 3.16% 2.47% 3.12% 1.92% 0.00% 0.89% 0.39% 0.00% 0.00%
Dy 2.08% 2.57% 1.53% 3.29% 1.97% 3.09% 5.30% 2.69% 1.74% 1.33% 0.39% 6.49% 0.35%
Ds 2.94% 2.98% 4.07% 2.50% 2.50% 2.06% 4.67% 0.00% 0.69% 1.22% 2.36% 0.54% 0.00%
D, \'A 3.26% 1.75% 1.86% 1.98% 3.95% 2.06% 0.83% 0.77% 0.00% 2.33% 1.57% 1.08% 0.00%
D, 1.50% 4.16% 1.78% 2.11% 3.42% 2.78% 2.28% 0.38% 11.11% 0.67% 1.97% 2.70% 2.84%
D; 2.35% 3.03% 5.76% 3.29% 2.63% 2.37% 2.08% 1.92% 0.00% 0.33% 11.42% 2.70% 0.00%
Dy 2.67% 2.77% 2.12% 2.64% 4.21% 4.84% 1.04% 30.77% 23.26% 0.44% 3.54% 7.03% 0.00%
Ds 3.21% 2.77% 3.05% 1.84% 3.82% 2.37% 0.52% 0.00% 0.00% 0.55% 0.39% 0.54% 7.09%

100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%  100.00%

values are given by

1
rupf = 5 Z

deDy,D.....Ds

rvp},

Analyzing this table, we could recommend V3 and V, transfer func-
tions for solving small and medium problems and S3 for solving
large problems. Moreover, we check that as problem size grows,
the variation observed in term of performance in the transfer func-
tions is increased (Avg. field). Hence, it is especially significant to
select an adequate transfer function for solving large problems.

Table 11 is sorted based on the indicative order defined for
discretization functions in Section 5.2, i.e., from more exploratory
to more exploitative strategies. Studying this table, we find the
following trend: as problem size grows, discretization techniques
with a better exploration to exploitation ratio outperform the oth-
ers. The same behavior is shown in Table 13, where RVP values are
presented for each family regardless of the transfer function con-
sidered. To this end, the values are given by

1
rop) = 3 >

t€51.5....54.V1.V5,...Vy

ruph,

Analyzing this table, we could recommend D; and D4 discretiza-
tion functions for solving all the problems. Moreover and as for the
transfer functions, we check that as problem size grows, the varia-

tion observed in term of performance in the discretization func-
tions is increased. Hence, it is especially significant to select an
adequate discretization function for solving large problems. Addi-
tionally, if we compare the Avg. field of Tables 12 and 13, we check
that the values observed are similar. Hence, we conclude that both
types of techniques influence the behavior of the solving method
and therefore, we cannot focus only on one of them.

In terms of RPD, we study how affects using an adequate bina-
rization technique. Table 14 compares the results obtained through
the original BCSO to the binarization techniques analyzed in this
work. In this table, dif fr;Td is the difference between the RPD value

obtained from the best binarization technique in this work, rpd
field, and the original BCSO, rpd(original) field. Analyzing this ta-
ble, we note that the algorithm provides a clear better behavior
when an adequate binarization technique is assumed. This way, the
RPD value decreases up to 26.19% for the instance set 4, 16.18% for
the instance set 5, 10.23% for the instance set 6, 8.32% for the in-
stance set A, 10.25% for the instance set B, 6.56% for the instance
set C, 6.37% for the instance set D, 12.43% for the instance set NRE,
5.90% for the instance set NRF, 5.74% for the instance set NRG,
4.55% for the instance set NRH, 6.20% for the instance set CYC, and
2.08% for the instance set CLR.

From this study and as a summary, we reach the following six
major conclusions:
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Table 10

RVP metric for each family of instance sets and binarization approach, where the Table 11
values are grouped by transfer functions. RVP metric for each family of instance sets and binarization approach, where the

values are grouped by discretization functions.

Family of instance sets

Family of instance sets

Discr. Trans. 4,56 AB CD NRENRF CYC,CLR NRG,NRH )
D, 06.84% 96.49% 71.73% 97.15% _ 88.49% Discr.  Trans. 4,5,6 AB C,D NRENRF CYC,CLR NRG,NRH
Ds 100.00% 69.43% 79.53% Sy 96.84%  96.49%  71.73%  97.15% [VATO0% | 88.49%
D, S 99.29% 69.30% 95.96% S3  99.04% 98.25% | 5047%  88.18% 87.97% 61.47%
D3 94.79% 86.03% S:  98.28% 96.49% 71.53%  99.29%

Dy 99.29% 93.06% D, S 98.00% 95.32%
D, 99.04% 98.25%  5047%  88.18% 87.97% 61.47% \2 78.72% 83.96% 92.36%
Ds 55.68%  97.15% 61.53% 88.46% z; gs.;ng 23.(2)(1):;0
D; S 82.81%  100.00%  63.17% [HIDNNE 2 7.86% 21%
D3 51.93% 92.24% 78.83% 94.35% \Z 97.86% 58.90% 85.36%
Dy 95.02% 71.93% 91.39% S 100.00%  69.43% 79.53%
D, 98.28% 96.49% 71.53%  99.29% S 55.68%  97.15% 61.53% 88.46%
Ds 5443%  99.29% 82.71% 91.86% S 5443%  99.29% 82.71% 91.86%
D, S; 98.58% 76.19% 74.41% Ds S 99.29% 83.96% 95.64%
Ds 100.00% 93.21% A\ 100.00%  94.74% 97.25%
Dy 87.53% Vs 98.71% 82.71% 89.60%
D, 98.00% 95.32% V2 94.31% 95.99% 81.73%
Ds 99.29% 95.64% Vi 99.29% [INA3BI%N  8527%
D, St 92.88% 79.94% S 99.29% 69.30% 95.96%
D3 96.60% S 82.81%  100.00% | 63.17%

Dy 100.00%  94.74% 93.00% Sz 98.58% 76.19% 74.41%
D, 78.72% 83.96% 92.36% D, St 92.88%  100.00%  79.94%
Ds 65.56%  100.00% 94.74% 97.25% \Z} 98.58% [IONDEEIN 83.67%
D, \2 65.53%  98.58% 88.67% Vs 89.46% 60.54% 92.68%
D 96.44% 71.93% 65.91% V2 7095% |N2TE3%N  93.00%
Dy 88.43% Vi 98.00% 91.98% 72.50%
D, 93.00% S 94.79% 86.03%
Ds b 82.71% 89.60% S 92.24% 78.83% 94.35%
D, V3 56.96% 60.54% 92.68% S: 100.00% 9321%
D3 96.44% 80.20% 96.28% s Si 96.60%
D, 91.80% 73.56% 94.99% \A 96.44% 71.93% 65.91%
D, 97.86% | 50.88% | 92.21% Vs 96.44% 80.20% 96.28%
Ds 94.31% 95.99% 81.73% V2 77.44%  100.00%  92.39%
D, A\ 70.95% |IETEE7  93.00% v 96.01% 79.95% 93.71%
D; 77.44% 100.00% 92.39% Sy 99.29% |G  93.06%
D, 92.88% [[149:25% 1|  96.43% S 95.02%  71.93% 91.39%
D, 97.86% 58.90% 85.36% Sz 87.53%
Ds 99.29% [ 4337% | 8527% D, Si 100.00% 93.00%
D, \Z 98.00% 91.98% 72.50% \2 88.43%
D3 96.01% 79.95% 93.71% Vs 91.80% 73.56% 94.99%
D 100.00% | 47.87% | 86.59% V2 92.88% 96.43%

. Vi 100.00% 86.59%
e We find significant performance differences according to the Table 12

binarization approach assumed when an SIA (the BCSO) is RVP metric for each family of instance sets regardless of the discretization func-
adapted to the discrete scope. Hence, we conclude that it is tion considered.

crucial to select an adequate binarization approach. Otherwise,

it is possible that the algorithm does not reach its full poten- Family of instance sets

tial as occurs with the original BCSO compared to the recom- Trans. 456 AB  CD NRENRF CYGCLR NRGNRH

mended configurations obtained in this work. As a direct result 24 g?gg? ;g-g? % 32"2‘23 438780 O
. . . . . o ‘0 . 0 o! 0 .. 0

of this statement, it is possible that other algorithms could be S 1908%  23.34% 64.66%

improved by studying other binarization approaches. Si 22.57% 75.96%

e We conclude that both transfer and discretization functions Vs S
. . Vs 80.20% 79.65%

greatly affect the behavior of the solving method and therefore, v, 73.07%
we cannot focus only on one of them. Vi 93.00% 53.40%

Regarding transfer functions, we find that v-shape functions are
fit for solving limited search space problems and s-shape func-
tions are fit for solving large search space problems. Concretely,
we recommend V3 and V, transfer functions for solving small

Avg. 15.05%  16.34%  16.38% 63.35% 31.50% 55.86%

. . Table 13

and m‘?dlun,l prot?lerps, and S? for solvmg large prOblemS' . RVP metric for each family of instance sets regardless of the transfer function
o Regarding discretization functions, we find that as problem size considered.

grows, discretization techniques with a better exploration to

exploitation ratio outperform the others. Concretely, we rec- Family of instance sets

ommend D; and D, discretization functions for solving all the Discr. 45,6 AB CD NRENRF CYCG,CLR NRG,NRH

problems. Dy 4126% 28.64% 33.92%  72.75%
o We reach that it is especially significant to select an adequate Ds 92.65% 47.67% 55.30%

binarization approach for solving large problems as the varia- gl 67.90% W
. . . . . . . (
tions observed in applying different techniques are higher. D: 66.19%

We appreciably increase the BCSO performance after selecting
an adequate binarization approach for each instance. At this
point, we cannot recommend this algorithm for solving the SCP,

Avg. 12.04%  137%  18.41% 54.52% 16.31% 42.78%
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Table 14

Comparing the results obtained through the original BCSO to the binarization techniques analyzed

in this work.
Inst. Trans.  Discr.  Zopt  Zpess  Zag rpd rpd(original)  dif fa
41 S Dy 429 432 440.07 2.58 6.44 59.94%
4.2 Vi Dy 512 517 529.87 3.49 6.22 43.89%
43 Vy Ds 516 531 552.77 713 7.93 10.09%
44 S D, 494 496 510.23 3.29 3.90 15.64%
45 S, Ds 512 514 523.23 219 2.75 20.36%
4.6 Vy Ds 560 560  566.10 1.09 1.24 12.10%
4.7 V3 D, 430 434  437.53 1.75 218 19.72%
4.8 Vy Ds 492 494 511.07 3.88 498 22.09%
4.9 V3 Ds 641 660  674.37 5.21 6.04 13.74%
410 V3 D, 514 518 524.93 213 2.63 19.01%
Avg. - — - — - 3.27 443 26.19%
5.1 Vi Dy 253 258  261.54 3.37 3.77 10.61%
5.2 V3 Ds 302 306  313.30 3.74 511 26.81%
53 S Dy 226 229 23273 298 3.58 16.76%
5.4 V3 Ds 242 242 24513 1.29 1.49 13.42%
5.5 S Ds 211 216 219.43 4.00 431 7.19%
5.6 Vi Ds 213 217 223.41 4.89 6.12 20.10%
5.7 Vy D, 293 294  303.40 3.55 4.60 22.83%
5.8 Vs Dy 288 294  305.70 6.15 6.42 421%
5.9 S, Ds 279 280  280.42 0.51 1.49 65.77%
5.10 Sa Ds 265 271 274.80 3.70 3.92 5.61%
Avg. — - - — — 3.42 4.08 16.18%
6.1 Vy D, 138 143 146.20 5.94 6.57 9.59%
6.2 Vs Dy 146 146 149.13 215 2.74 21.53%
6.3 V3 Ds 145 148 151.77 4.67 515 9.32%
6.4 Vs Ds 131 133 134.40 2.60 2.65 1.89%
6.5 Vi Ds 161 165 168.07 4.39 4.87 9.86%
Avg. - — - - - 3.95 4.40 10.23%
Al Vi Dy 253 271 274.67 8.56 9.16 6.55%
A2 S3 Dy 252 259  264.27 4.87 5.16 5.62%
A3 V3 D, 232 238 24253 4.54 519 12.52%
A4 S, Dy 234 241 244.90 4.66 5.07 8.09%
A5 Vy Ds 236 237 23847 1.05 1.27 17.32%
Avg. - — - - - 4.74 517 8.32%
B.1 S Ds 69 70 73.70 6.81 8.79 22.53%
B.2 S, Ds 76 80 83.80 1026  10.26 0.00%
B.3 S3 Ds 80 80 82.27 2.83 3.50 19.14%
B.4 V3 Ds 79 81 83.63 5.86 6.33 7.42%
B.5 S Dy 72 73 73.00 1.39 139 0.00%
Avg. - - - — — 5.43 6.05 10.25%
C1 Vi Ds 227 232 23430 3.22 339 5.01%
C2 Vy Dy 219 225 229.07 4.60 543 15.29%
Cc3 S D, 243 251 264.07 8.67 9.42 7.96%
c4 Si Ds 219 231 237.70 8.54 8.86 3.61%
C5 Vy Dy 215 222 228.60 6.33 6.47 2.16%
Avg. — - - — — 6.27 6.71 6.56%
D1 Sa Dy 60 60 64.03 6.72 7.33 8.32%
D.2 Sa Ds 66 69 69.70 5.61 6.06 7.43%
D.3 S D, 72 76 78.50 9.03 9.44 4.34%
D4 S3 Ds 62 63 65.37 5.43 5.91 8.12%
D.5 S Dy 61 64 64.83 6.28 6.56 4.27%
Avg. — - - — — 6.61 7.06 6.37%
NRE.1 S Dy 29 30 30.00 3.45 345 0.00%
NRE2 V, Dy 30 34 3400 1333 15.56 14.33%
NRE.3 Vy Dy 27 29 31.87 18.02 2321 22.36%
NRE4 V, Dy 28 32 32.73 16.90  17.86 5.38%
NRE5 S D, 28 30 30.00 7.14 7.14 0.00%
Avg. - — — - - 11.77 13.44 12.43%
NRF.1 S Dy 14 17 17.00 2143 2143 0.00%
NRF.2 S Ds 15 16 17.70 18.00  20.00 10.00%
NRE.3 Si Dy 14 17 17.00 2143 2143 0.00%
NRF4 Vy Ds 14 15 16.87 2048  25.00 18.08%
NRE.5 S Dy 13 16 16.00 23.08  23.08 0.00%
Avg. - — - - - 2088 2219 5.90%
NRG.1 S Dy 176 191 193.10 9.72 10.30 5.63%
NRG.2 S5 Dy 154 165 166.43 8.07 8.79 8.19%
NRG3 S, D, 166 182 182.00 9.64 9.92 2.82%
NRG4 V; Dy 168 180 182.87 8.85 9.15 3.28%
NRG5 S5 Dy 168 183 183.00 8.93 9.80 8.88%
Avg. - - - — — 9.04 9.59 5.74%
NRH1 S5 Ds 63 69 71.00 1270 1519 16.39%
NRH.2 S Dy 63 67 67.00 6.35 6.35 0.00%
NRH.3 S Dy 59 69 69.00  16.95 16.95 0.00%
NRH4 S, Ds 58 64 66.73 15.06  15.52 2.96%

(continued on next page)
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Table 14 (continued)

Inst. Trans.  DiSCt.  Zopt  Zpest  Zavg rpd rpd(original)  dif foa
NRH.5 M D, 55 61 61.00 10.91 10.91 0.00%
Avg. — — — — — 12.39 12.98 4.55%
CYC.6 S D3 60 66 72.00 18.33 20.00 8.35%
CYC.7 S3 Ds 144 172 178.00 23.61 25.00 5.56%
CYC.8 Vs Dy 344 418 435.00 23.55 24.71 4.69%
Avg. — - - - - 21.83 23.24 6.20%
CLR.10 M D, 25 28 29.00 16.00 16.00 0.00%
CLR.11 M D, 23 28 30.00 3043 30.43 0.00%
CLR12 S Dy 23 29 31.00 34.78 34.78 0.00%
CLR13 M Ds 23 31 34.00 47.83 5217 8.32%
Avg. — — — — — 32.26 33.35 2.08%

because it is far from other current state-of-the-art techniques
in terms of performance. However, the BCSO has proven to be a
good algorithm for studying a relevant aspect, such as binariza-
tion. Hence, we recommend this algorithm as a possible testing
bench for future works.

7. Implementation details

Both the problem definition introduced in Section 3 and the
solving methodology discussed in Section 4 were coded in Java as-
suming NetBeans IDE 7.1 and executed on a 2.53 GHz Intel Core
i3 M380 processor with 3 GB RAM under Windows 7. Regarding
the statistical tools, the Wilcoxon-Mann-Whitney’s test was taken
from Fonseca, Knowles, Thiele, and Zitzler and both Shapiro-Wilk’s
and Kolmogorov-Smirnov-Lilliefor’s tests were taken from the IBM
SPSS software.

8. Final remarks

The SCP is a traditional optimization problem widely consid-
ered for designing expert systems. We find many papers assuming
metaheuristics for solving the SCP in the current literature. How-
ever, many metaheuristics are defined for solving continuous opti-
mization problems, specially SIAs, while the SCP is a discrete prob-
lem. Hence, such algorithms should be adapted for working on the
discrete scope. However, most authors did not perform any study
to select a concrete binarization approach. This circumstance might
lead to the conclusion that selecting a concrete binarization tech-
nique does not influence the behavior of the algorithm, but rather
the general approach of the metaheuristic. This situation led us to
write this paper focusing on the inherent difficulty in binarization
of metaheuristics designed for continuous optimization, when solv-
ing a discrete optimization problem, concretely the SCP.

With the purpose of analyzing such difficulty, we consider a re-
cent SIA which was later adapted to the discrete scope for solving
the SCP, the BCSO algorithm. We change the original formulation of
BCSO by combining eight transfer functions and five discretization
functions from the current literature, i.e., forty binarization tech-
niques.

Based on an accepted statistical methodology, we analyze the
results obtained while solving two problems sets: the standard
OR-library and the unicost benchmark. As a result of this study,
we reach six major conclusions: a)lt is crucial to select an ad-
equate binarization approach to guarantee that the solving algo-
rithm reaches its full potential. b) Both transfer and discretization
functions affect the behavior of the solving method. c) Regard-
ing transfer functions, v-shape functions are fit for solving limited
search space problems and s-shape functions are fit for solving
large search space problems. We recommend V3 and V, for solv-
ing small and medium problems and S5 for solving large problems.
d) As problem size grows, discretization techniques with a better

exploration to exploitation ratio outperform the others. We recom-
mend D; and D4 for solving all the problems. e) it is especially
significant to select an adequate binarization approach for solving
large problems. f) We recommend BCSO as a possible testing bench
for future works.

As future lines of research, it would be interesting to consider
other metaheuristics, including some of which give the best re-
sults solving the SCP in the current literature. To this end, we
should complete the benchmark by adding large SCP problems
to analyze the differences observed, e.g., the dataset available in
http://people.sabanciuniv.edu/sibirbil/scp/.This is due to such tech-
niques get optimal or near optimal solutions for the instances as-
sumed in this work.
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